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Abstract 

In this paper we establish a connection between the cohomology of a modular Lie algebra and 
its p-envelopes. We also compute the cohomology of Zassenhaus algebras and their minimal 
p-envelopes with coefficients in generalized baby Verma modules and in simple modules over 
fields of characteristic p > 2. 
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Introduction 

This paper is mainly a survey on the cohomology of modular Lie algebras but there are also several 
new results. It is intended to be sufficiently self-contained to serve as a first introduction to this topic 
which plays an important role in modular representation theory. Another goal is to advertise the 
use of p-envelopes and truncated (co)induced modules in the representation theory of Lie algebras 
over fields of prime characteristic p. As a main example throughout the paper we consider a series 
of rank one Lie algebras of Cartan type, the Zassenhaus algebras (which are simple in characteristic 
p > 2). In the following we will describe the contents of the paper in more detail. 

In the first section we give some background material on p-envelopes which will be useful for the 
rest of the paper. We refer the reader to [271 128L 1^ for more details and most of the proofs. The 
second section is devoted to establishing a connection between the cohomology of a modular Lie 
algebra and its p-envelopes which is very similar to a factorization theorem of Hochschild and Serre 
in characteristic zero. In particular, we show that the vanishing of the cohomology of a modular 
Lie algebra is equivalent to the vanishing of the cohomology of any of its p-envelopes. Parts of this 
section are contained in an unpublished diploma thesis of Katrin Legler [21]. In the third section 
we reformulate a cohomological vanishing theorem of Dzhumadil'daev in terms of the universal p- 
envelope, a result that rests mainly on the trivial action of the universal p-envelope L of L on the 
cohomology of L. We also derive several consequences which will be useful later in the paper. In 
particular, we generalize a cohomological vanishing theorem for Z-graded Lie algebras due to Chiu 
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and Shcn. In the fourth section wc introduce truncated (co)induced modules which arc important 
in the classification of simple modules for certain classes of modular Lie algebras. We recall the 
important fact that truncated induced modules and truncated coinduced modules coincide up to 
a twist. In particular, duals of truncated (co)induced modules are again truncated (co)induced 
modules, respectively. Moreover, we give a short proof of Shapiro's lemma for truncated induced 
modules. Mil'ner used his version of truncated induced modules in order to classify the simple 
modules of the Zassenhaus algebras |25| . In this paper we restrict our attention to certain truncated 
induced modules of the Zassenhaus algebras, the so-called generalized baby Verma modules which are 
sufficient for computing the cohomology of Zassenhaus algebras with coefficients in simple modules. 
In the final section we reprove Dzhumadil'daev's cohomological reduction theorem for Zassenhaus 
algebras by using Shapiro's lemma for truncated induced modules. Then we apply this to compute 
the 1-cohomology of Zassenhaus algebras with coefficients in generalized baby Verma modules and 
in simple modules over fields of characteristic p > 2 without using Mil'ner's classification of the 
simple modules for the Zassenhaus algebras. As a consequence we determine the central extensions 
of the Zassenhaus algebras. We also apply the main result of Section 2 in order to compute the 
1-cohomology of the minimal p-envelopes of the Zassenhaus algebras with coefficients in generalized 
baby Verma modules and in simple modules as well as their central extensions. The results for the 
minimal p-envelopes of the Zassenhaus algebras seem to be new. 

For the notation and fundamental results from the representation theory of modular Lie algebras 
we refer the reader to and |28| . 

Acknowledgments. The author would like to thank the referee for several useful comments. While 
preparing the final version of this paper Walter Michaelis made many valuable suggestions concerning 
the clarity and the style of the paper for which the author is very grateful. 

1 ]3- Envelopes 

Let L be a Lie algebra over a field of prime characteristic p. A triple (£, , l) is called a p-envelope 
of L if £ is a restricted Lie algebra with p-mapping and t is a Lie algebra monomorphism from 
L into £ such that the restricted subalgebra {b{L))p of £ generated by l{L) coincides with £. 

Proposition 1.1 Let L be a Lie algebra over a field of prime characteristic p and let {£,{-)^p\l) be 
a p-envelope of L. Then the following statements hold: 

(1) [£,£]C,(L). 

(2) LfJ is a subspace of 2, such that l{L) C 3, then 3 is an ideal of Z. 
Proof. (1): Since = £, it follows from 29, Proposition 2.1.3(2)] that 

[£, £] = [{i(L))p, {l{L))p] - [l{L), i{L)] C ,{L) . 
(2): By using (1), we obtain that [£, 3] C [£, £] C l{L) C 3. □ 

Moreover, the following structural features are preserved by p-envelopes. In particular, p-envelopes 
of solvable (nilpotent, abelian) Lie algebras are solvable (nilpotent, abelian, respectively). 

Proposition 1.2 Let L be a Lie algebra over a field of prime characteristic p and let {2,,{-)^P\i) be 
a p-envelope of L. Then the following statements hold: 
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(1) L is abelian if and only if £ is abelian. 

(2) L is nilpotent if and only if £ is nilpotent. 

(3) L is solvable if and only if £ is solvable. 

Proof. By definition {l{L))p = £ and therefore the assertions are immediate consequences of [291 
Proposition 2.1.3(2)]. □ 

Remark. Note that every abelian Lie algebra is restrictable (e.g. by the trivial p-mapping) but 
neither nilpotent Lie algebras nor solvable Lie algebras are necessarily restrictable (cf. [21 Chapter 
I, §4, Exercise 24] as well as ^7^. Example 3 on p. 72 and Exercise 2.2.9]). 

A p-envelope (£min: (O'^' j of ^ finite-dimensional modular Lie algebra L is called minimal if its 
dimension is minimal among the dimensions of all p-envelopes of L. Any two minimal p-envelopes 
are isomorphic as ordinary Lie algebras (cf. 29, Theorem 2.5.8(1)]). Of importance is the well-known 
fact that a p-envelope (£, {■)^^\ t) of L is minimal if and only if the center C(£) of £ is contained in 
l{L) (cf. W. Theorem 2.5.8(3)]). 

It turns out that minimal p-envelopes of simple Lie algebras are simple as restricted Lie algebras 
(but in general not simple as ordinary Lie algebras since a non-restrictable Lie algebra is isomorphic 
to a non-zero proper ideal of any of its p-envelopes) and minimal p-envelopes of semisimple Lie 
algebras are semisimple. 

Proposition 1.3 Let L be a finite- dimensional Lie algebra over a field of prime characteristic p 
and let (£min: (')'^'j minimal p- envelope of L. Then the following statements hold: 

(1) If L is simple, then £„„„ has no non-zero proper p- ideals. 

(2) // L is semisimple, then £min is semisimple. 

Proof. (1): Let 3 be a p-ideal of £min- Then 3 n l{L) is an ideal of l{L). But because l{L) is simple, 
either 3 n l{L) = or 5 n t(L) = l{L). 

In the first case it follows from Proposition !! . If that [3, £min] ^ [£mini ^min] ^ 3nt(i) = 0, 

1. e., that 3 C C(£min) ^ l{L) which imphes that 3 = 3 H l{L) — 0. 

In the second case one has l{L) C 3. Since 3 is a p-ideal of £min, one obtains that £min = 
{l{L))p C 3, i.e., that 3 = £min- 

(2): Let 3 be an abelian ideal of £min- Then 3 fl l{L) is an abelian ideal of l{L). But because 
l{L) is semisimple, 3 fl l{L) = 0. 

As in the proof of (1), one has 3 C C(£,nin) C l{L). Since l{L) is semisimple and 3 is an abelian 
ideal of i{L), it readily follows that 3 = 0. □ 

We conclude this section by introducing the Zassenhaus algebras and their minimal p-envelopes. 
Let F be a field of prime characteristic p, let to be a positive integer, and let A{in) denote the 
subalgebra of the algebra of divided powers over F generated by {x^"-* | < a < — 1} where 

2, (a)2,(&) — (a-+b^^^(a+b) non-ucgative integers a and b. A derivation d of A{m) is called special 
if d{x^°'^) = and d(.T(")) = x^''-^'^ d{x^'^'^) for every 1 < a < - 1. The Lie algebra W{m) := 
{d G DcrF(A(m)) | d is special} of special derivations of A{m) for some positive integer to is called 
a Zassenhaus algebra. It is well-known that W{m) is simple if and only if p > 2 (cf. 29, Theorem 
4.2.4(1)]). Furthermore, W{m) is restricted if and only if m = 1 (cf. [23 Theorem 4.2.4(2)]). The 
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Witt algebra W{1) was the first non-classical simple Lie algebra discovered by Ernst Witt in the late 
1930's. 

Let d denote the derivative defined by 

^ ' \ if 1 < a < - 1 . 

Note that W{m) is a free ^(m)-niodule with basis d (cf. ^ Proposition 4.2.2(1)]). Set a := x^'+^^S 
for any -1 < i < - 2. Then 



and 



otherwise 



W{m) = Fe, 

i=-l 

is a Z-graded Lie algebra (cf. |29l Proposition 4.2.2(2) and (3)]). 
The subalgebra 

b{m) := Fe, 

i=0 

is supersolvable (i.e., every composition factor of the adjoint module of b(m) is one-dimensional). 
Moreover, b(m) is a restricted Lie algebra via the p-mapping defined by 

Ci if z = 

'^F^ ^ i (P ~ l)'6pi if z = p* — 1 for some 1 < t < m — 1 
otherwise 

(cf. |26l (3.2.2)]). In particular, t := Feo is a one-dimensional torus of b(m). Since ef = for every 
1 < i < p™ — 2, the p-subalgebra 

u(m) := Fe, 

i=l 

is p-unipotent so that fa(m) — t©u(TO) is strongly solvable as are the Borel subalgebras of Lie algebras 
of reductive groups. 

Suppose that L is a modular Lie algebra with C{L) — 0. Let Umin denote the p-subalgebra of 
gl{L) generated by ad(L). Then (£niin, (O^i^d) is a minimal p-envelope of L (cf. p. 97]). 

Let us apply this to the Zassenhaus algebras W{m). It is clear from the Z-grading of W{m) that 
(ade_i)P" = 0. Hence 

7n — 1 

W{m) = Fe'^l^'' ® W{m) 

r=l 

is a minimal p-envelope of W{m) . Here is identified with ad for every —l<i< p™ — 2 while e'^'j^ 
is identified with (ade_i)^' for every 1 < r < m — 1. We propose to call the restricted Lie algebra 
W{m) a restricted Zassenhaus algebra. It follows from |29l Theorem 4.2.4(1)] and Proposition 11.31 
that 22J(m) is semisimple and has no non-zero proper p-ideals if p > 2. In particular, the above 
p-mapping of W{m) is the only one possible (cf. [291 Corollary 2.2.2(1)]). Note also that W{m) is 
the semidirect product of a cyclic p-unipotent subalgebra with the ideal W{m). 
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2 Cohomology of j9- Envelopes 



In this section we investigate the relationship between the ordinary cohomology of finite-dimensional 
Lie algebras and their finite-dimensional p-envelopes. The first lemma we need is a consequence of 
a long exact sequence due to Dixmier 5, Proposition 1] (cf. [211 KoroUar 3.7]): 

Lemma 2.1 Let L be a finite- dimensional Lie algebra over a field V of arbitrary characteristic, let 
M be a finite- dimensional L-module, and let I be an ideal in L of codimension 1. Then, for every 
non-negative integer n, there is an isomorphism 

of ¥ -vector spaces. 

Proof. Because dimpL// = I, there exists an element x G L such that L — I (B Fx. Let n be a 
non-negative integer. According to ^ Proposition I], the sequence 

M) M) ^ H"{L, M) ^ H"{I, M) ^ H"{I, M) 

is exact, where w„ is induced by 6l"(x) : C"(/, M) C"(/, M) (cf. Chapter I, §3, Exercise 12(a)]), 
Sn is induced by the connecting homomorphism, and r„ is induced by the restriction mapping from 
CiL^M) to C'il^M). Hence Ker(s„) = Im(u„-i) = LW-\l,M) and Im(r„) = Ker(u„) = 
H"{I,M)^. Consequently, one has the short exact sequence 

(*) — > H'^'-\I,M)/LH"-^{I,M) — >H"{L,M) ^H"{I,M)^ — >0. 

It follows from the first isomorphism theorem that i/"^^(/, M)/Ker(ii„_i) = Im(u„_i) and thus 

H^-^I, M) = Ker(M„_i) © Im(M„_i) = i7"-i(/, M)^ © LH'''-^{I, M) , 

i.e., H"-^{I,M)/LH"-^{I,M) ^ H"-^{I,M)^. This in conjunction with the split short exact 
sequence (*) yields the assertion. □ 

Remark. Lemma 12.11 can also be obtained from the Hochschild-Serre spectral sequence (see |^ 
pp. 30-33]). Our direct proof has the advantage that the mappings in the short exact sequence (*) 
are known explicitly. 

Let (L, (•)P, t) denote the universal p- envelope of a Lie algebra L over a field of prime characteristic 
p (cf. Definition 2, p. 92]) and let M be an i-module with corresponding representation p : 
L g[(M). By virtue of the universal property of L, there exists a unique restricted Lie algebra 
homomorphism p : L —>■ 0[(M) such that p o 1 = p. 

Now consider an arbitrary p-envelope (£, {■)^^\ l) of L. In view of [211 Proposition 2.5.6], there 
exists a Lie algebra homomorphism (j) : £ ^ L such that cj) o l = i. Then po (/> : £, ^ flK-^) is a Lie 
algebra homomorphism such that [p o (j)) o l = p. In this way every L-module can be considered as 
an £-module (cf. [211 Theorem 5.1.1]). Note that this representation of £ on M is not unique but 
depends on the choice of the Lie algebra homomorphism cj) : £, ^ L. 

It will be crucial for the proof of the main result of this section that the universal p-envelope of 
a modular Lie algebra L acts trivially on the cohomology of L (cf. |24[ Lemma 2.10]). Slightly more 
generally, we will need the following result: 
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Lemma 2.2 Let L be a Lie algebra over a field of prime characteristic p and let M be an L-module. 
If l{L) C C ^ are subalgebras of a p-envelope £ of L, then H^{S^, M) is a trivial ^-module for 
every non-negative integer n. 

Proof. Let n be a non-negative integer. It is a consequence of Chapter I, §3, Exercise 12(b), 
(3)] that iJ"(I/,M) is a trivial L-module for every non-negative integer n. Since M is a re- 
stricted L-module and the adjoint representation is restricted, one obtains that H^{L,M) is a 
restricted L-module (cf. O Chapter I, §3, Exercise 12(a)] and Theorem 5.2.7]). It follows that 
Ann£(i?"(L, M)) is a p-subalgebra of L that contains t(L). Hence L = (t(L))p = Annj^(7J"(L, M)), 
i.e., H"{L,M) is a trivial L-module. 

Now let (£, (•)[p1 , i) be an arbitrary p-envelope of L. Since the puUback functor from L-modules to 
il-modules induced by (j) commutes with tensor products and taking duals, the £-action on H'^lL, M) 
factors through that of L and therefore is also trivial. 

Finally, because of {f))p = {l{L))p = £,, one can assume without loss of generality that Sj ^ L, 
hence that C £ acts trivially on Lf"(i3, M). □ 

Now we derive dimension formulas for the cohomology of a finite-dimensional modular Lie algebra 
in terms of the cohomology of any of its finite-dimensional p-envelopes and vice versa (see ^li Satz 
3.9]). 

Theorem 2.3 Let L be a finite- dimensional Lie algebra over a field ¥ of prime characteristic p, let 
M be a finite- dimensional L-module, and let £ be a p-envelope of L with k := dimp £/L < oo. Then 
the following statements hold: 

k 

(1) dimp iJ"(£,M) = ^ C^) dim^ i?"^-' (L, Af) for every non-negative integer n. 

j=o ^ 

n 

(2) dimp i?"(L,M) = J2 i'^T {''t^'^^) dimp F""''(£, M) for every non-negative integer n. 

Proof. (1): Choose a chain of subspaces 

£ = Jfe D 3k-i D ■ ■ ■ D 3i D 3a = L 

with diuir Ji/^i^i = 1 for every 1 < I < k. According to Proposition ^^2), is an ideal of £ for 
every < I < k. 

Let n be a non- negative integer. It follows from Lemma [2. II and Lemma [2. 21 that 
(**) H"{3i,M)^H"{3i^i,M)(BH"-\Ji_i,M) 

for every < I < k. 

Set an,i '.— duDf H"'(3i, M) for every non-negative integer n and every integer < / < fc. Then 
(1) can be written as 

a«,fe = ^ (yj an-ifi V n G No 
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which wc prove by induction on k. This assertion is trivial for fc = 0, so assume it holds for some 
A; > 0. It follows from and the induction hypothesis that 



t*n,fe+l — 0,n,k + 0,n-l,k 



= dnfi + ( X! ( ; ) "»-'.0 ) + [ X! ( 7 _ 1 ) ""-'.0 ) + "-n 



1=1 ^ / \i=l 



-l-fc,0 



Err 



an-;,o J 



i=0 

whence the assertion holds also for A: + 1. 

(2): In order to prove the assertion, we first derive the identity 

n 

(***) an,i = Y^{-W(^n-v,i+x VneNo,0<Z<A;-l 

i/=0 

from (**) and a telescoping sum argument via the observation that 

n n n — 1 

^(-l)'^a„_,,,+i = ^(-l)'^a„_,,, + ^(-l)''a„_,_i,, 

n n 

= an,i + ^(-l)''a„_^,i + ^{-l)''-^an-^,,l 
= an,i ■ 

Now we are ready to prove (2). It is a consequence of the slightly more general identity 



u=0 



which can be shown by finite induction on For / = the assertion is trivial, so assume it holds for 
some < I < k — 1. It follows from the induction hypothesis and (* * *) that 

!/=0 



I - 1 



\n=o 



^=0 \!y=0 



= i:(-ir(''^^)«"-..m. 
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whence the assertion holds also for ^ + 1. □ 

We rewrite the first part of Theorem 12.31 as an isomorphism theorem similar to a factorization 
theorem of Hochschild and Serre in characteristic zero (see j21i Theorem 13]). 

Theorem 2.4 Let L be a finite- dimensional Lie algebra over a field F of prime characteristic p, let 
M he a finite- dimensional L-module, and let £ be a p- envelope of L with dimp £/L < oo. Then, for 
every non-negative integer n, there is an isomorphism 

i/"(£,A/)G5^ K\Z/L)®^W{L,M) 

i+j—n 

of ¥-vector spaces. □ 

Remark. In particular, Theorem l2 . 41 shows that H"(L, M) is a direct summand of i/"(£, M) (cf. |211 
(3.15)]). 

We conclude this section with some immediate consequences of Theorem 12.31 that will be useful 
in Section 5. The first result states that the cohomology of any finite-dimensional p-envelope of a 
finite-dimensional modular Lie algebra L vanishes if and only if the cohomology of L vanishes. 

Corollary 2.5 Let L be a finite- dimensional Lie algebra over a field F of prime characteristic p, 
let M be a finite- dimensional L-module, and let £ be a p- envelope of L with dimF£/L < oo. Then 
{L, M) — for every < j < n if and only if {£,, M) = for every < j < n. In particular, 
H'Il, M) = if and only if H'{2,, M) =0. □ 

The low degree cohomology of finite-dimensional p-envelopes can be computed as follows (for the 
second part see also P^, KoroUar 3.10]). 

Corollary 2.6 Let L be a finite- dimensional Lie algebra over a field F of prime characteristic p, let 
M be a finite- dimensional L-module, and let £, be a p-envelope of L with k :— dimp £/L < oo. Then 
the following statements hold: 

(1) H'>{Sl,M) = H"iL,M). 

(2) dimr (£, M) = dimp {L, M) + k dimp . 

(3) dimr (£, M) = dimp H^{L,M) + k dimp H\L,M) + dimp . □ 

3 Cohomological Vanishing Theorems 

In this section we reformulate a cohomological vanishing theorem of Dzhumadil'daev by using the 
concept of a universal p-envelope. Then we derive some consequences which will become useful in 
the last section. By using the cohomology theory of associative algebras Farnsteiner showed that 
Dzhumadil'daev's vanishing theorem holds more generally for arbitrary elements of the center of the 
augmentation ideal of the universal enveloping algebra (see ^1 Theorem 2.1 and Corollary 2.2] as 
well as |14) for further generalizations). 

Let F be a field of prime characteristic p. A polynomial of the form f{t) = J2n>o '^nt^ G ¥[t] is 
called p-polynomial (cf. Exercise V.14, p. 196]). It is clear from 
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(cf. 1^ Proposition 2.1.3(1)]) that L is the F-subspace of U{L) that is generated by the evaluations 
of p-polynomials over F in elements of L. This shows that the special elements in Dzhumadil'daev's 
cohomological vanishing theorem (6j Theorem 1] are exactly the elements of the center of the universal 
p-envelope. 

Theorem 3.1 Let L be a Lie algebra over a field oj prime characteristic and let M be an L-module. 
If there exists an element z G C(L) such that (z)m is invertihle, then H"{L,M) = for every 
non-negative integer n. 

Proof. Consider a cocycle ip G Z"(L,M) of degree n. According to Lemma 12.21 6"'{z){ip) is a 
coboundary. But z € C(L) and thus 9"{z){tp) = {z)m oip. Since (z)m is invertible and B"{L,M) is 
an L-submodule of C"(L, M), it follows that V e M). □ 

In the remainder of this section we apply Theorem 13. II to the cohomology of simple or indecom- 
posable modules. We begin by proving another result of Dzhumadil'daev (cf. p. Theorem 2]). 

Corollary 3.2 Let L be a restricted Lie algebra over a field of prime characteristic and let S be a 
simple L-module. If H^^{L, S) ^ for some non-negative integer, then S is a restricted L-module. 

Proof. Suppose that S is not restricted. Then there exists x £ L with (x)^ ^ {x^p^)s. Consider 
z :— x^ — x^P^ £ C!{L). Since 5* is simple, it follows from Schur's lemma that {z)s is invertible. Hence 
the assertion is a consequence of Theorem 13. II □ 

CoroUarv 13.21 can be generalized in several directions (see Theorem 6.2] or ^1 Corollary 
6.4]) but we will need instead an application of the following result to Z-graded Lie algebras. 

Corollary 3.3 Let L be a Lie algebra over a field of prime characteristic and let M be a finite- 
dimensional indecomposable L-module. If there exists an ad-nilpotent element x £ L such that {x)m 
is not nilpotent, then H^^{L, M) = for every non-negative integer n. 

Proof. Since x is ad-nilpotent, there exists a positive integer q such that (ad^a;)'' = 0, i.e., z := 
xP' e C{L) if p"" > q. According to Fitting's lemma (cf. [HI p. 37]), M = Mq{z) © Afi(z) where 

Mo(z) y Ker(z)^^ and Mi(^) f| Imiz^M ■ 

neN nSN 

It follows from z G C{L) that Mq{z) and Mi{z) are L-submodules of M. Since {x)m is not nilpotent 
and M is a restricted L-module, {z)m is also not nilpotent, i.e., Mq{z) ^ AI. But M is indecom- 
posable, so {z)m is invertible on M — Mi(z); therefore the assertion is a consequence of Theorem 

rm □ 

Remark. Corollary 13.31 holds for arbitrary modules if one assumes that (x) m is invertible (cf. [HI 
Corollary 2 of Theorem 1]). 

In particular, CoroUarv 13 . 31 applies to finite-dimensional Z-graded Lie algebras. Let 

L = Ln 
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be a Z-graded Lie algebra and set 

L+ := i„ and L„ . 

n>0 n<0 

If L is finite-dimensional, then every element in U L~ is ad-nilpotent so that one can apply 
Corollary 13. 31 in order to prove the following generalization of ^ Theorem 1.1]: 

Corollary 3.4 Let L be a finite- dimensional "L-graded Lie algebra over a field of prime characteristic 
and let M be a finite- dimensional indecomposable L-module. Lf there exists an element x € L"*" U L~ 
such that {x)m is not nilpotent, then H^^(L,M) = for every non-negative integer n. □ 

Remark. Note that a simple L-module S is graded if and only if U L^ acts nilpotently on S (see 
H Proposition 1.2(1)]). 

4 Truncated Induced Modules 

In this section we introduce truncated induced modules and truncated coinduced modules following 
[5], |n?| . and jJSj. For applications of truncated induced modules in the structure theory of modular 
Lie algebras we refer the reader to [23] . 

Let F be a field of prime characteristic p and let L be a finite-dimensional Lie algebra over F. 
For every subalgebra K oi L with finite cobasis {ei, . . . , efc} there exist positive integers mi, . . . , 
and Vi e J7(L)(pmi such that Zi := ' -t- £ C{U{L)) for every 1 < i < fc. Now consider the 
unital associative subalgebra 0{L, K) of U{L) generated by U {zi, . . . , z^}. 

For a G we define e*^ := e^^ • • • el" and set r - 1, . . . - 1). It follows from 

Jacobson's refinement of the Poincare-Birckhoff-Witt theorem (see (22 Lemma V.4, p. 189]) that 
U{L) is a free left and right 0{L, if)-modulc with basis {e"* | < a < r}. As a consequence 

0{L,K)'^¥[zi,...,Zk] ®vU{K) 

as unital associative F-algebras. 

Let a : K ^¥ he the Lie algebra homomorphism given by cr[x) :— tr(adi/jf x) for every x G K. 
Since the mapping a defined hy x ^ x + (t{x)1 is a Lie algebra homomorphism from K into U{K), 
there exists a unique algebra homomorphism U{a) from U{K) into U{K) that extends ct. 

Let y be a X-module. Then the action of U (K) on V can be extended to 0{L, K) by letting the 
polynomial algebra F[zi, . . . , Zk] act via its canonical augmentation mapping. Let Vcr be the twisted 
module with X-action given hy x o v :— x ■ v -\- a{x)v for every x G K and every v G V. It is clear 
that VJt = F ®F Fo- and that the 0{L, iir)-action on Va is given by idp[z-^^,,,^zk] ^ 

The following result is a generalization of ISj Corollary 1.2] to truncated induced and coinduced 
modules. 

Theorem 4.1 Let L be a finite- dimensional Lie algebra over afield of prime characteristic and let K 
be a subalgebra of L. Then, for every K -module V, there are the following L-module isomorphisms: 

(1) U{L) ®o[L,K) V - Homo(L,K)(C/(L),l/-J. 

(2) [U{L) ®o(L,K) V]* - U{L) ®o{L.K) [V%. 

(3) [Homo(L,K)(C/(L),y)]* -Homo(L,K)(C/(i),[n-^)- 
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Proof. (1) is just [ini Theorem 1.4] while (2) follows from [UiL)(g,o(L,K)V]* ^ Iioino(L.K){U{L), V*) 
and (1). Finally, (3) is dual to (2). □ 

Remark. Theorem 14. If l) implies that U{L) 13 0{L,K) is a free Frobenius extension of the second 
kind (cf. |18[ Theorem 1.1] for the restricted analogue which is a consequence of Theorem ^Tjl) and 
[T?)l Proposition 1.5]). 

Let L be a finite-dimensional modular Lie algebra and let K he a subalgebra of L. Choose a 
basis {ei, . . . , e^, Ck-i, . . . , e;} of L such that {ck-i, . . . , e;} is a basis of K. Then there exist positive 
integers mi, . . . ,mi and Vi £ ?7(L)(pmi_i) such that Zi ■— e\ ' + Vi G C{U{L)) for every 1 < i < Z. 
Let I{L) denote the two-sided ideal of U{L) generated by {zi, . . . , z;}, and set U{L) := U{L)/I{L). 
Similarly, let I{K) denote the two-sided ideal of U{K) generated by {zk+i - ■ . ■ , zi}, and set U{K) := 
U{K)/I{K). 

Remark. Let L be a restricted Lie algebra and let x G L*. By choosing Zi := ef — e-^' — xi^iT ' 1 
for every 1 < z < ^, it can be seen that U{L) and the x-reduced universal enveloping algebra u{L, x) 
are isomorphic as unital associative F-algebras (cf. |16l p. 157]). 

Let y be a ii'-module. Then the action of U{K) on V can be extended to U{K) via Zi • w := 
for every k 1 < i < I and every v £ V . Since I{K) — I{L) n K, one can consider U{K) 
as a subalgebra of U{L) and then form induced and coinduced modules called truncated induced 
modules and truncated coinduced modules, respectively. In the special case of restricted Lie algebras, 
the truncated (co)induced modules are just (co)induced modules over reduced universal enveloping 
algebras. The following result (cf. ^1 p. 35]) is a generalization of 1161 Proposition 1.5] and can be 
proved in exactly the same manner. 

Theorem 4.2 Let L be a finite- dimensional Lie algebra over a field of prime characteristic and let K 
be a subalgebra of L. Then, for every K -module V, there are the following L-module isomorphisms: 

(1) U{L) ®o(L,K) V - U{L) V. 

(2) Homo(L,/f)(;7(i),y)-Hom^(^)(I7(i),y). □ 

Remark. It is a consequence of Theorem 14.21 and Theorem 14.1( 11 that U{L) D U{K) is a free 
Frobenius extension of the second kind. 

In the last section we will need Shapiro's lemma for truncated induced modules (see Theorem 
2.1] or 9, Theorem in §5 and Corollary 1 in §3]): 

Theorem 4.3 Let L be a finite- dimensional Lie algebra over a field of prime characteristic, let K 
be a subalgebra of L, and let V be a K -module. Then, for every non-negative integer n, there is an 
isomorphism 

H^{L,U{L)(S)o(L,K)V)^ A\L/K)<E,wH^{K,V-„) 

i+j—n 

of ¥-vector spaces. 
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Proof. Let n be a non-negative integer. Then the foUowing isomorphisms can be obtained from 
Theorem I4.1f l) in conjunction with Shapiro's lemma and the Kiinneth formula (cf. '30', Theorem 
3.6.3]): 

H"{L,U{L)®o(L.K)V) - Ext^(i)(F,[/(L)®o(L,K)^) 

- Ext^(i)(F,Homo(i,K)(C/(i),l/-a)) 

- ExtS(^_^)(F,l/_,) 

= Ext^[.,,...,..](F,F)®rExt^^(^)(F,y_.) 

i+j=n 

= A\L/K)(g>rWiK,V-^). □ 

We conclude this section by considering certain truncated induced modules over the Zassenhaus 
algebras. Let 0{W{m),b(m)) denote the unital associative subalgebra of U{W{m)) generated by 
b(m) and z_i = e^-^ G C{W{m)). Moreover, for every A G F, let Fx ;= Fl^ be the one-dimensional 
b(m)-module defined by eo • 1a ■— AIa and by • 1^ := for every I < i < — 2. Then F\ is a 
unital 0{y/(m)^ b(m))-module via z_i • 1^ := 0. In analogy with the baby Verma modules of Lie 
algebras of reductive groups, the truncated induced module V{X) :— ?7(W^(m)) ®o{w{m),\>{m)) F\ is 
called a generalized baby Verma module. 

The next result will be useful in Section 5 and is included here for the convenience of the reader. 
Recall that the divided power algebra A{m) is a natural H^(m)-module via (fd) ■ g := fd{g) for all 
/,<7 G A{m). 

Proposition 4.4 Let ¥ be a field of prime characteristic p and let m be a positive integer. Then 
there are the following W{m)-module isomorphisms: 

(1) W{m) = V{p-2). 

(2) W{m)* ^ V{1). 

(3) A{m) = V{p-l). 

(4) A{m)* ^ V{0). 

Proof Set W := W{m), b := b{m), and A := A{m). 

(1): Consider the 0{W, b)-module homomorphism ip : Fp-2 W given by lp-2 epm_2. Then 
the universal property of induced modules (cf. IT', (1.3.3)]) yields a VF-module homomorphism 
$ : V{p - 2) — > such that <i>(l lp-2) = f{ip-2) = epm_2- In particular, $ ^ 0. Since W 
is simple, $ is surjective. But dim^ V{p — 2) = = dimp W and therefore is bijective. (By 
employing Lemma 15 . 71 below, the assertion is also an immediate consequence of $ 7^ and Schur's 
lemma.) 

(3): Consider the 0(11/, b) -module homomorphism ijj : Fp_i — > A given by lp_i i-^- x'^p 
Then the universal property of induced modules (cf. 17, (1.3.3)]) yields a W^-module homomorphism 
: V{p -1) ^ A such that ^-(1 ® lp_i) = V^lp-i) ^ x^p'^^'^K In particular, * 7^ 0. Since 

^(e^i ® lp_i) = ell • a;^^'""^^ = x^p"'-^-''^ 
for every < a < p™ — 1, 'J is surjective. But dimp V{p — 1) = p'" = dim^ A and thus '5 is bijective. 
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(2) & (4): Finally, consider the Lie algebra homomorpliism a : b ^ ¥ defined by <t{x) := 
tr{adiYft, x) for every a; G b. We have [ei,e_i] — — e^-i and therefore cr^Ci) — —Sio for every 
< j < - 2. Hence [F^x]^ = Fp_i_A and thus Theorem 0;2) yields ^(A)* ^ F(p - 1 - A) 
for every A £ Fp. Then (2) and (4) are immediate consequences of this isomorphism in conjunction 
with (1) and (3), respectively. □ 

Remark. It follows from the first two parts of Proposition 14.41 that W{m)* = W{m) if and only if 
p = 3, i.e., Zassenhaus algebras have non-degenerate invariant bilinear forms if and only if p = 3 
(cf. 13 Theorem 1] or [23 Theorem 4.6.3]). 

It is well-known that the generalized baby Verma modules of a Zassenhaus algebra W{m) can 
be realized on the divided power algebra A{m) (see p. 134]). Let A G F and let A\{m) denote 
the vector space A{m) with W^(m)-action defined by {fd) ■ g := fd{g) + \d{f)g for all /, 5 G A{m). 
As in the proof of Proposition l4.4r 3'l. one obtains the following isomorphisms: 

Proposition 4.5 Let ¥ be a field of prime characteristic p and let m be a positive integer. Then, 
for every A G F, there is a W{m)-module isomorphism V{X) = A\^i{m). □ 

Finally, it is easy to see that the generalized baby Verma modules of Zassenhaus algebras are 
induced modules for restricted universal enveloping algebras of their minimal p-envelopes. Note that 
F\ is a restricted b(TO)-module if and only if A G Fp. 

Proposition 4.6 Let ¥ be a field of prime characteristic p and let m be a positive integer. Then, for 
every A G Fp, there is a W{m)-module isomorphism V{X) = u(21J(to)) ®u([)(m)) P\ where z_i :— e^_i . 
□ 

Remark. In general, there is a similar relationship between truncated (co)induced modules of mod- 
ular Lie algebras L ^ K and (co)induced modules over restricted universal enveloping algebras of 
certain p-envelopes £ ^ .ft of L and K, respectively. Namely, Farnsteiner ^| Theorem 2.3] proved 
that for every finite-dimensional X-module V there exist finite-dimensional p-envelopes M. C £, of K 
and L, respectively, such that V is a restricted K-module and U{L) ®o{l,k) V = u(£) V as 

L- modules. 

5 Cohomology of Zassenhaus Algebras 

In this section we compute the cohomology of Zassenhaus algebras with coefficients in generalized 
baby Verma modules and in simple modules. 

The first result reduces the computation of the cohomology of the Zassenhaus algebra W(m) 
with coefficients in a generalized baby Verma module to the t-invariants of the cohomology of the 
maximal nilpotent subalgebra u(m) with coefficients in the one-dimensional trivial module (cf. [HI 
Theorem 5]). 

Theorem 5.1 Let ¥ be a field of prime characteristic p, let m be a positive integer, and let A G F. 
Then, for every non-negative integer n, there is an isomorphism 

H^iW{m),V{\)) = H^{b{m),Fx+i)®H''-\b{m),Fx+i) 

= [i7"(u(m), Fa+i) ® i/"-i(u(m), F^+i)®^ ® H^-\nim), F^+i)]' 

of ¥-vector spaces. 
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Proof. Set W :— W{m), b b{m), and u := u(m). Let a : b ^ ¥ he defined by a{x) :— tr(advi//f, x) 
for every x £ b. As in the proof of Proposition 14.41 we have a{ei) — —6iQ for every < z < p™ — 2. 
Hence [-FaI-o- = -Fa+i and the first isomorphism follows from Theorem 14.31 Moreover, the second 
isomorphism can be obtained from Lemma [2. II and the fact that ui?"(u, Fa+i) =0. □ 

Later on in this section we will need the invariant spaces of generalized baby Verma modules for 
the Zassenhaus algebras and their minimal p-envelopes: 

Proposition 5.2 Let ¥ be a field of prime characteristic p, let m be a positive integer, and let A G F. 
Then there are isomorphisms 



¥ ifX^p-1 

tfX7^p-l 



of ¥ -vector spaces. 

Proof. It is a consequence of Corollarv l2.6f 11 and Theorem 15 . II that 

y^X)W[m) ^ y^xf'ira) ^ H%W (m) , V (X)) - i?" (u(m) , F^+l )' = (i^A+l)' = 



F if A = p - 1 

if X^p-1. □ 



For p > 3 the following result was proved by Dzhumadil'daev (see [Sj Corollary 2 of Theorem 5] ) 
while for p = 3 it is contained in 24, Satz 5.17]. 

Theorem 5.3 Let ¥ be a field of prime characteristic p > 2, let m be a positive integer, and let 
A G F. Then the following statements hold: 



(1) Lf p — 3, then 

dimwH'^{W{m),V{X)) 

(2) Lfp>3, then 

dimw H\W{m),V{X)) = 



1 ifX = 
m — I if X = 1 

2 i/ A = 2 

i/A/0,1,2. 



1 if X = or X^l 
m — 1 if X = p — 2 

2 ifX = p-l 

ifX^0,l,p-2,p-l 



Proof. Set W := W{m) and u :— u(m). Since u acts trivially on Fa+i, it follows from Theorem 15. II 
that 

H\W,V{X)) ^ H\u,Fx+iY(SH°{u,Fx+iy(BH°{n,Fx+i)' 
^ H\u,Fx+iy®{Fx+iY®{Fx+iY. 



For the last two summands we have that 



(+) (F^a+i)'={ 



F if A = p - 1 
if A ^ p - 1 
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Since u acts trivially on i^A+i, wc obtain for the first summand that 

H\u, Fx+iY = HoniF(u/[u, u], Fa+i)' , 



where t acts via (eg • '7) (a;) — p-o ■ vi^) ~ vii^Oi x]) for every x £ u. (Here x denotes the coset of x in 
u/[u, u].) By a straightforward computation (see j24l Lemma 5.14]) one can show that 

u/fu ul - / ® '^P^^ 

Suppose now that i] G HomF(u/[u, u], Fa+i)', i.e., cq -r] — 0. Then 



= (eo ■ ?y)(ei) = eo • ri{ei) - T]{[eo,ei]) = (A + 1 - i)r|{e^) 

for i G {1, 2,p'' — 1 I 1 < r < TO — 1}. In particular, HomF(u/[u, u], Fa+i)' = unless A G Fp. 
Moreover, we obtain the following results which, in conjunction with (+), finish the proof of the 
theorem. 

(1) If J3 = 3, then 

1 if A = 

dimF HomF(u/[u, u], i^A+i)' = to-1 if A = 1 . 

if A 7^ 0, 1 



(2) If p > 3, then 

( 1 if A = or A = 1 

dimF HomF(u/[u, u], Fa+i)* < to — 1 ifA=p — 2. □ 

[ ifA^O, l,p-2 

Remark. It is an immediate consequence of Theorem 15.31 and Proposition 14 . 4r 1 ) that 

dimp H^{W{m), W{m)) — m~ 1 . 

In fact, the outer derivations of W{m) are induced by (ade_i)P for any 1 < r < m — 1 (see also 
the remarks at the end of Section 1). 

In view of the discussion before Lemma 12.21 every W^(m)-module is a 2IJ(TO)-module for the 
minimal p-envelope W{m) of W{in). In particular, V{X) is a 2n(TO)-module for every A G F. The 
next result is a consequence of Corollarv l2.6r 2'l. Theorem l5.3l and Proposition l5.2l 

Theorem 5.4 Let ¥ be a field of prime characteristic p > 2, let m be a positive integer, and let 
A G F. Then the following statements hold: 



(1) If p — 3, then 

dimwH\W{m),V{X)) 



1 ifX = 

TO — 1 if X = 1 

TO + 1 i/ A = 2 

ifX^0,l,2. 
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(2) Ifp>3, then 



dimp H\W{m),V{X)) = 




i/ A = or A = 1 
i/ A = p - 2 

if\^0,l,p-2,p-l. a 



Remark. According to Proposition 14.61 V{X) = u{W{m)) ®u(h{m)) F\ is a restricted baby Verma 
module for 2n(m) if A G Fp. This isomorphism, in conjunction with [16', Proposition 1.5] and 
Theorem 14.31 can be employed to give a proof of Theorem 15.41 for A e Fp which does neither use 
Theorem 15.31 nor the results in Section 2. 

Following Hochschild [20] we define the restricted cohomology of a restricted Lie algebra L with 
coefficients in a restricted L-module M by means of 

Hl^L, M) := Ext::(i)(F, M) V n G No . 

Observe that V{X) is a restricted 22J(TO)-module if and only if A e Fp. Then Theorem 15.41 can be 
used to determine the dimensions of the restricted 1-cohomology of the minimal p-cnvelopes of the 
Zassenhaus algebras with coefficients in restricted baby Verma modules (cf. |iZi Satz III. 3. 3] for 
TO = 1 and p > 3). 

Corollary 5.5 Let ¥ be a field of prime characteristic p > 2, let m be a positive integer, and let 
A G Fp. Then the following statements hold: 



(1) If p — i, then 



1 «/ A 

dimF Hl{m{m),V{\)) = { m-l if X ^ 1 

ifX = 2. 



(2) Ifp>3, then 




i/ A = or A = 1 
diuirHl{W{m),V{X))^{ to-1 ifX^p-2 

tfX^0,l,p-2. 

Proof. Set 2U := W{m), b := b{m), and u := u(to). According to Proposition 14.61 V{X) = 
m(2U) <S)u{b) F>~ is a restricted baby Verma module for 21J if A G Fp. Then, from Shapiro's lemma 
(cf. |18[ Corollary 1.4]) and the Hochschild-Serre spectral sequence for restricted cohomology in 
conjunction with [181 Corollary 3.6], 18 , Proposition 2.7], and the definition of the p-mapping of u, 
one obtains that 

Hl{W,V{X)) ^ Hl{W,u{W)®^^,^F^) 

- Hliu,Fx+iY 

^ Homt(u/[u,u] + (uW)f,Fa+i) 

= Homt(u/[u,u],FA+i) . 
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Now the assertions follow from the dimensions formulas at the end of the proof of Theorem 15. 31 □ 

Remark. For A 7^ p — 1, Corollarv l5.5l is an immediate consequence of Theorem 15 . 41 and Proposition 
15.21 in conjunction with the six-term exact sequence of Hochschild |2()l p. 575] or the Appendix of 

m 

Let S' be a simple Vl^(m)-module. According to Corollary 13. 41 H' {W {m) , S) ~ unless e_i and 
u(m) act nilpotently on S. In the following we determine the simple modules of the Zassenhaus 
algebras on which e_i and u(m) act nilpotently (cf. |^ Lemma 5.2]). 

Lemma 5.6 Let ¥ be an algebraically closed field of prime characteristic p and let S be a simple 
W{m)-module on which e_i and u(m) act nilpotently. Then there is a non-zero element v ^ S and 
there is an element A G F such that eo ■ v = Xv and Ci ■ v = for every I < i < p™ — 2. 

Proof. Set W :— W{m) and u :— u(m). Because S is simple, there exists a non-zero element w ^ S 
such that S = U{W)w. According to ^Hl Theorem 3.4.3], the Z-grading of W induces a Z-grading 
on U{W). Since u acts nilpotently on S, the integer a* := min{a G N | ef • S* = for every 1 < i < 
- 2} exists. Then U{W)n ■ w = if n > a,(p™ - l)^. Namely, if e^Tieg" ■ --epCsi is a basis 
element of U{W)n with a.; < a, for every 1 < i < — 2, then 

n = ioi < ioi < a* i 

— l i—1 i—1 

Now set n» :— max{n E Z \ U {W)n-w ^ 0}, which exists by the above, and consider M := U {W)n,w. 
Then cq-M C M. Since S is finite-dimensional (cf. Theorem 5.2.4]), M is also finite-dimensional. 
But F is algebraically closed, so Bq has an eigenvector v G AI with eigenvalue A G F. Finally, 
Bi ■ V e U{W)n,+i ■ w = for every 1 < i < - 2. □ 

Remark. Note that a simple VF(m)-module S over an algebraically closed ground field is graded if 
and only if e_i and u(to) act nilpotently on S (cf. ,4;. Proposition 1.2(1)]). 

Let 5 be a simple M^(m)-module as in Lemma [5.61 Consider zq :— Eq — eo G W{m). Then 
[zo,ei] = (i^ — i)ei = for every — 1 < i < p™ — 2 and therefore zq G C{W{m)). Moreover, 
zo-v^{XP- X)v. By virtue of Theorem ITTl H'{W{m),S) = unless A^ = A, i.e., A belongs to the 
prime field ¥p (cf. |^ Lemma 5.3]). Finally, consider z_i e^^ G C{W{mj) (cf. Section 1). Since 
S is simple, it follows from Schur's lemma and the remark after Corollarv l3 . 31 that H* {W (m) , S*) = 
unless ■ v = (cf. |24[ Lemma 5.4]). 

In the following let S'(A) denote the simple PF(m)-module with a non-zero element v G S'(A) such 
that 

• « = , 

Bo ■ V — Xv for some A G Fp , and 
e^ ■ V = for every 1 < i < — 2 . 
Let r := max{n G Nq | e" ^ • "^^ 7^ 0} < p™ — 1 and consider 

r 

M := ¥b":^ ■ V . 

n=0 
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It then follows from the Cartan-Weyl identity (cf. "7^, Proposition 1.1.3(4)]) that 
e.-{e1,-v) = f^(-l)"-^Y'')eii(ade-i)"^^(eO-z; 



^(-l)"-^ ( J(eiie,_„+,).z; 



+(-!)'(„" .)kiS)-- 

for every < i < — 2 (cf. ^| Lemma III. 3.1] for m — 1 and |^ Lemma 5.5] for the general 
case). Consequently, M is a non-zero submodule of S{X) and as the latter is simple, M = S{X). 

Most of the generalized baby Verma modules of Zassenhaus algebras are simple (cf. ^| Lemma 
III. 3. 2a)] for m — 1 and 24, Lemma 5.6] for the general case). 

Lemma 5.7 If X ^ {0,p — 1}, then V{X) is a simple W{m)-module. 

Proof. Set W := W{m) and b b(m). Then U{W) is a free right ©(W^, b) -module with basis 
{e!ii I < n < - 1}. Hence {e!!.i ®lx\0<n< - 1} is a basis of V{X) over F. As above it 
follows from the Cartan-Weyl identity that 



for every < i < p™ — 2. 

Let M be a non-zero PF-submodule of V{X) and let YZ=s ® 1a £ M with ^ 0. Then 



But as ^ 0, so e^" ^ 1a e M. 

Now, for every < i < — 2, consider 



e.e^r ®1a = (-1)''[A[ ^ , , .^^ 

= (-1)*[A(-1)' - (-l)'+i]p/';-i-* ® U 
= (A + 1)6^"-^-' ® U . 

Since, by assumption A ^ p — 1, we have {e"]^ (X" 1a | 1 < < — 1} ^ A/. Finally, eie_i (g) 1a = 
— Ae°_]^ (g) 1a and because A 7^ 0, one also obtains that e^_i (g) 1a G M . Hence {e"]^ 1a | < n < 
p" - 1} C M and thus M = V{X). □ 

It is a consequence of Lemma [5 . 71 that most of the simple modules of the Zassenhaus algebras with 
non-vanishing cohomology are generalized baby Verma modules (cf. 24, Satz 5.7]). 
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Lemma 5.8 If \ ^ {0,p— 1}, then S{\) = V{\) as W{m) -modules. 

Proof. Set W := W{m). It follows from the above computations using the Cartan-Weyl identity that 
the linear transformation <i>A : ^^(A) S{X) given by e"]^ O 1a e^-i ■ v for every < n < p™ — 1 
is a T^-module epimorphism. Since <i>A 7^ 0, and by Lemma 15.71 V{X) is simple, it follows that 
Ker(<i>A) = whence $a is a M^-module isomorphism. □ 

Now it remains to consider the two cases A = and A = p — 1. Note that, by Proposition l4.4r 3) 
and (4), V{p — 1) = A{m) and V{0) = A{m)* , respectively. We begin by showing that the simple 
module S{0) is trivial (cf. [21 Satz 5.8]). 

Lemma 5.9 5(0) is isomorphic to the one- dimensional trivial W{m)-module. 
Proof. Set W :— W{m). Suppose that e_i ■ v ^ 0. Because A = 0, 

for every < i < p™ — 2. But (j";^) = unless n — i > 0, so Fe" ^ • t> is a non-zero proper 

VF-submodule of S{0). This is a contradiction since by definition S{0) is simple. Hence 5(0) = ¥v 
with ei ■ V = every — 1 < i < p™ — 2. □ 

By arguments similar to those used to establish Lemma ICTl one can prove that V^(0) has a (p™ — 1)- 
dimensional submodule. The proof of Lemma [5. 71 then shows that this submodulc is simple (cf. |17l 
Lemma III. 3. 2b) for m = 1]). In particular, V{0) is indecomposable. 

Lemma 5.10 The subspace ^ F(e" Iq) is a simple W{m) -submodule ofV{0) and the factor 

module V{0)/ ^^{^-i ® lo) is isomorphic to the one- dimensional trivial W{m) -module. □ 

Now we consider the case A = p — 1. The following observation is crucial to understand the 
structure of V{p - 1) and S{p - 1) (cf. PH Lemma 5.9]). 

Lemma 5.11 // A = p — 1, then e^i~^ ■ v = 0, i.e., S{p — 1) = X]n=o ^ ' ^■ 
Proof. Set W :— W{m). Suppose that e'L^^^ ■ v ^ 0. Because A = p — 1, 

e,-iel,-v) = i-iy+'(^^+iy--^-v 

for every < i < p™ — 2. In particular, for n = p™ — 1 one has that 

e. • (e!.r' • v) = i-^y^' (/7i) • ^ = 

for every < i < p™ — 2 and additionally e_i • {e^i~^ ■ v) = e^i • v = 0. Hence ¥{e^i~^ • u) is a 
non-zero proper VF-submodule of S{p— 1), a contradiction since by definition S{p— 1) is simple. □ 

Remark. It follows from Lemma l5 .131 below that dimp 5(p — 1) = p™ — 1 and therefore 

n=Q 
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The generalized baby Verma module V{p — 1) has a one-dimensional maximal submodule (cf. |17l 
Lemma III. 3. 2c)] for m = 1 and Lemma 5.10] for the general case). In particular, V{p — 1) is 
indecomposable. 

Lemma 5.12 F := F(e^i" (g) lp_i) is a maximal W^m)- submodule ofV{p— 1) with W{m)F — 0. 

Proof. Set W := W{m). As in the proof of Lemma [5.111 one can show that ¥{e^i~^ Ip-i) is 
a trivial W^-submodule of V{p — 1). Suppose that M is a W^-submodule of V{p — 1) that properly 
contains F and let EC^^ ck«e" i lp_i G A/ with ^ and < s < - 2. Then 




Since F C M and ^ 0, it follows that e'^^ ^ (8) Ip-i G M. But 

ep™-2 • (e^'i"' ® Ip-i) = (-If ""'(p™ I J^e^Li ® Vi = e°i ® lp_i , 
i.e., e° 1 (g) lp_i € M; therefore 

for every < n < — 1. Hence M = y(p — 1). □ 

Finally, we prove that S'(p — 1) is a factor module of the generalized baby Verma module V{p — 1) 
(cf. ^1 Lemma III. 3. 2c)] for m — 1 and 24, Satz 5.11] for the general case). 

Lemma 5.13 S{p — 1) ^ V{p — 1)/F as W{m) -modules. 

Proof. Set W := W{m). It follows from the above computations, using the Cartan-Weyl identity, 
that the linear transformation $p_i : V{p — 1) — > S{p — 1) given by e"]^ (g) Ip-i ^ e^i ■ v, for every 
< n < p™ — 1, is a non-zero W^-module epimorphism. By virtue of Lemma 15.111 

$p-i(e^'i"'®lp-i) -e'i^-'-w-O, 

i.e., F C Ker($p_i). Hence $p-i induces a non-zero VF-niodule epimorphism $p_i from V{p— l)/F 
onto S{p — 1). According to Lemma 15.121 V{p — 1)/F is simple and thus <I>p-i is a ly-module 
isomorphism. □ 

As a consequence of Lemma 15.121 and Lemma 15.131 we obtain the short exact sequence 

— > S{Q) — > V{p - 1) — >S{p-l) — > 

of IF(m)-modules. Similarly, we have the short exact sequence 

— >S{p-l) — > V^(O) — > 5(0) — > 

of VF(m)-modules. By virtue of Theorem 14. ir 2'l. the second short exact sequence is the dual of the 
first short exact sequence. But the second short exact sequence can also be obtained directly by 
showing that the (p™ — l)-dimensional Vl^(m)-submodule ^^^^i^ F(e" Iq) of V{0) is isomorphic 
to S{p — 1) (see the remark after Lemma r5.11|) . 

Now we apply Theorem 15. 31 in order to determine the 1-cohomology of the Zassenhaus algebras 
with coefficients in simple modules. 
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Theorem 5.14 Let ¥ be a field of prime characteristic p > 2, let m be a positive integer, and let 
A G Fp. Then the following statements hold: 

(1) If p — 3, then 

( i/ A = 

dimvH^{W{m),S{\)) = I m-1 if \ = I . 

\ 2 j/ A = 2 



(2) Ifp>3, then 



dimv H\W{m),S{X)) = 



1 z/A-1 
m— 1 if X = p — 2 

2 ifX = p-l 

ifX^l,p-2,p-l 



Proof. Set W := W{m) and u := u(to). Then the assertions for A 0,p — 1 are immediate 
consequences of Lemma 15. 81 and Theorem 15 .31 According to 29; Theorem 4.2.4(1)], W is simple and 
therefore perfect which yields the assertions for A = 0. Since H^{W, 5(0)) ~ 0, we obtain the exact 
sequence 

(++) V{0)^ ^ 3(0)^ H'{W, Sip - 1)) ^ H\W, ViO)) ^ 
by applying the long exact cohomology sequence to the short exact sequence 

— >S{p-l) — > V{0) — > 5(0) — > . 

Furthermore, it follows from Proposition 15 . 21 that y(0)^ = 0. Hence we obtain from (++) that 

H\W,S{p-l))^ S{0)^ ®H\W,V{0)) 

and therefore we conclude from Lemma [5. 91 and Theorem 15.31 that 

dimf H\W, Sip - 1)) = dimf 3(0)^ + dimr H\W,V{0)) = 2 

which finishes the proof of the theorem. □ 

Remark. If the ground field F is algebraically closed, then Theorem 15. 141 completely describes the 
1-cohomology of Zassenhaus algebras with coefficients in simple modules. 

In view of the discussion before Lemma 12.21 every simple Vl^(m)-module is also simple as a 
*Zn(m)-module. In particular, 5(A) is a simple *2IF(m)-module for every A G Fp. The following result 
is an immediate consequence of Corollary 2) and Theorem l5.14l 

Theorem 5.15 Let ¥ be a field of prime characteristic p > 2, let m be a positive integer, and let 
A G Fp. Then the following statements hold: 



(1) If p — 3, then 

2 ifX = 2 



1- rri^r^/ \ f m-1 if X = Or X — 1 

dimFiJ^(«2II(m), 5(A)) = 
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(2) Ifp>3, then 



ifX^OorX 

ifX=l 

ifX=p-l 



2,p-l. 



□ 



Remark. If S* is a simple 2U(m)-module with H' {W{m), S) ~ 0, then it foUows from CoroUarv 13.21 
that 5 is a restricted 2IT(m)-module. One can show that S is isomorphic to S{X) for some A G Fp 
by employing arguments similar to those used above in the case of W{m) and by replacing the 
generalized baby Verma module V{X) by the restricted baby Verma module u{W{m)) <8u{b{m)) P\- 
As a consequence, Theorem 15.151 completely describes the 1-cohomology of W{m) with coefficients 
in simple modules if the ground field F is algebraically closed. 

Now Theorem 15.151 can be used to determine the dimensions of the restricted 1-cohomology of the 
minimal p-envelopes of Zassenhaus algebras with coefficients in simple restricted modules (cf. ^| 
Satz III. 3. 3] for m = 1 and p > 3). 

Corollary 5.16 Let ¥ be a field of prime characteristic p > 2, let m he a positive integer, and let 
A G Fp. Then the following statements hold: 

(1) If p = 3, then 

( ?/ A = 

diniF Hl{W{m),S{X)) m - I ifX^l 

y 2 ifX^2. 



(2) Ifp > 3, then 



dimr Hl{W{m),S{X)) = 



1 z/A = l 

m — 1 if X ~ p — 2 

2 ifX=p-l 

if Xy^l,p-l,p- 



Proof. The vanishing of iJ^(*Zn(m), 5(0)) follows from ^1 Proposition 2.7], the perfectness of 
W{m), and the definition of the p-mapping of 2IJ(to) (see Section 1). The remaining statements can 
be obtained from Theorem 15 . 1 51 and Proposition l5 . 21 in conjunction with the six-term exact sequence 
of Hochschild 20, p. 575] or the Appendix of 19 . □ 

We conclude the paper by determining the central extensions of the Zassenhaus algebras and 
their minimal p-envelopes. For p > 3 the next result is due to Block ^ Theorem 5.1] and the 
corresponding non-trivial central extensions of the Zassenhaus algebras are the modular Virasoro 
algebras (cf. |H]). The case p = 3 is due to Dzhumadil'daev [JJ Theorem 2] (cf. also 12, Theorem 
3.2] and [2| Theorem 3.1 and Corollary 3.1]). 

Theorem 5.17 Let ¥ be a field of prime characteristic p and let m be a positive integer. Then the 
following statements hold: 

(1) Ifp = 3, then dimw H^{Wim),¥) 
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(2) Ifp>3, then dimw H^{W{m),F) = 1. 

Proof. Set W W{m) and A := A{m). 

(1) : If p = 3, then it follows from Proposition ^3j2) and Theorem l5.3r 2'l that 

dimF-ff^(W^,W^*) ^dhjirH^{W,V{l)) = m - 1 . 

According to the remark after Proposition 14.41 W* = W as VF- modules. For any < a < 3™ — 1 
let 7a : A — > F be the linear transformation defined by 

Then the canonical pairing of W* and W induces via the above isomorphism a non-degenerate 
invariant bilinear form on W given by {fd,gd) := j2"^-i{fg) (cf. the proof of 29, Theorem 4.6.3]). 
It follows from the remark after Theorem 15.31 that the m — 1 linear independent outer derivations of 
W are induced by c^'^ for 1 < r < m — 1. Then 

i[d^\fdlgd) + if,[d''\gd]) = i^^-i{d^\f)g + fd^\g)) 

= 73"-i(a3'^"+^(a2(/)5 - dimg) + fd\g))) 
= 

and in the light of the discussion before [71 Proposition 1], we conclude that dimy H^{W, F) = m — 1. 

(2) : If p > 3, then it follows from Proposition I4.4r 2) and Thcorcm l5.3r 3') that 

dimrH^{W,W*) = diiaw H^{W,V{1)) = 1 

and the assertion can be obtained from 11, Proposition 1.3(3)] in conjunction with ,29. Theorem 
4.2.4(1)] and the remark after Proposition l4.4l □ 

Remark. In 8, Theorem 2] Dzhumadil'daev also claims to have determined the central extensions 
of the Zassenhaus algebras for p — 2 (cf. also |31 Theorem 3.1 and Corollary 3.1]). But at least in 
the case m = 1 this result is not correct since for p = 2 the Witt algebra is the two-dimensional 
non-abelian Lie algebra which has no non-trivial central extensions. 

Finally, as an immediate consequence of Corollarv l2.6r 3) and Theorem 15 . 1 71 we find the central 
extensions of the minimal p-envelopes of the Zassenhaus algebras. 

Theorem 5.18 Let ¥ be a field of prime characteristic p > 2 and let m be a positive integer. Then 
the following statements hold: 

(1) Ifp^S, thendimwH^{W{m),¥) = 

(2) Ifp>3, then dimr H^{W{m),¥) = ra'--ira+A ^ □ 

Remark. From Theorem 15.181 and [3 Proposition 1] one obtains lower bounds for the dimensions 
of the first coadjoint cohomology H^{W{m), W{m)*) of the minimal p-envelopes of the Zassenhaus 
algebras. 

We leave it to the interested reader to apply Theorem 15 . 1 81 in conjunction with the six-term exact 
sequence of Hochschild [201 P- 575] to obtain upper bounds for the dimensions of the second restricted 
cohomology of W{m) with coefficients in the one-dimensional trivial module. It would be interesting 
to know the exact dimensions of {W{m) , F) . 
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